Abstract. A spanning tree of a properly edge-colored complete graph, Kn, is rainbow provided that each of its edges receives a distinct color. In 1996, Brualdi and Hollingsworth conjectured that if K 2m is properly (2m − 1)-edge-colored, then the edges of K 2m can be partitioned into m rainbow spanning trees except when m = 2. In 2000, Krussel et al. proved the existence of 3 edge-disjoint rainbow spanning trees for sufficiently large m. In this paper, we use an inductive argument to construct Ωm rainbow edge-disjoint spanning trees recursively, the number of which is approximately √ m.
The Main Result.
Here is the main theorem of this paper.
Theorem 2.1. Let K 2m be a properly (2m − 1)-edge-colored graph. Then the edges of K 2m can be partitioned into at least
rainbow edge-disjoint spanning trees.
Proof. Let K 2m , m ≥ 1, be any properly (2m − 1)-edge-colored complete graph. We will use induction on the number of trees to prove this result. Let Ω m = √ 6m+9 3
. We can assume m ≥ 5 since for 1 ≤ m ≤ 4, Ω m = 1 and the spanning star, S r , in which r ∈ V (K 2m ) and r is joined to every other vertex, is clearly a rainbow spanning tree of K 2m . When the value of m is clear, it will cause no confusion to simply refer to this value as Ω. It is worth noting that the following induction proof can be used as a recursive construction to create Ω rainbow edge-disjoint spanning trees, T 1 , T 2 , ..., T Ω .
For 1 ≤ ψ ≤ Ω and rainbow edge-disjoint spanning trees, T 1 , T 2 , ..., T ψ , let f (ψ) be the proposition consisting of the three following degree and structure characteristics:
Each tree has a designated distinct root.
(2.1)
The root of T 1 has degree (2m − 1) − 2(ψ − 1) and has at least (2m − 1) − 4(ψ − 1) adjacent leaves. In particular, note here that by (2.3), if ψ > 1, then the root of T 2 has degree (2m − 1) − 2 − 2(ψ − 2) = (2m − 1) − 2(ψ − 1) and at least (2m − 1) − 4 − 4(ψ − 2) = (2m − 1) − 4(ψ − 1) adjacent leaves, sharing these characteristics with T 1 (as stated in (2.2)).
It is useful in our construction to ensure that the rainbow edge-disjoint spanning trees have suitable characteristics that allow the properties (2.1), (2.2) , and (2.3) to be established. Thus, the trees T 1 , T 2 , ..., T Ω will eventually satisfy f (Ω).
We begin with some necessary notation. All vertices defined in what follows are in V (K 2m ), the given edge-colored complete graph.
The proof proceeds inductively, producing a list of j edge-disjoint rainbow spanning trees from a list of j−1 edge-disjoint rainbow spanning trees; so for 1 ≤ i ≤ j ≤ Ω, let T j i be the i th rainbow spanning tree of the j th induction step and let r i be the designated root of T j i . Notice that r i is independent of j. Suppose T is any spanning tree of the complete graph K 2m with root r containing vertices y, v, w, and v ′ , where ry and rv are distinct pendant edges in T (so y and v are leaves of T ). Then define T ′ = T [r; y, v; w, v ′ ] to be the new graph formed from T with edges ry and rv removed and edges yw and vv ′ added. Formally, T ′ = T [r; y, v; w, v ′ ] = T − ry − rv + yw + vv ′ . We note here that T ′ is also a spanning tree of K 2m because y and v are leaves in T , and thus adding edges yw and vv ′ does not create a cycle in T ′ . Our inductive strategy will be to assume we have k − 1 (where 1 < k ≤ Ω) edgedisjoint rainbow spanning trees with suitable characteristics satisfying proposition f (k − 1) that yield properties (2.1), (2.2), and (2.3) with ψ = k − 1. From those trees we will construct k edge-disjoint rainbow spanning trees with suitable characteristics that allow properties (2.1), (2.2), and (2.3) to be eventually established when ψ = k, thus satisfying f (k).
For this construction, given any T 
The choice of the vertices defined in (2.4) will eventually be made precise, based on the discussion which follows.
When the value of j is clear, it will cause no confusion to refer to the vertices y 
We now make the following remarks about the definition of T j i above. Recall that for 1 ≤ i ≤ j ≤ Ω, r i is independent of j, and thus is the root of both T j−1 i and T j i . The following is easily seen to be true.
If ϕ is any proper edge-coloring of K 2m and T j−1 i is a rainbow spanning tree of K 2m with root r i and distinct pendant edges r i y i and r i v i , then T j i as defined in (2.4) is also a rainbow spanning tree of
Notice that if x ∈ L j , then for 1 ≤ i ≤ j, xr i is a pendant edge in T j i .
We now begin our inductive proof with induction parameter k. Specifically we will prove that for 1 ≤ k ≤ Ω there exist k edge-disjoint rainbow spanning trees,
, which for convenience we explicitly state in terms of the inductive parameter k:
1. Each tree T k i has a designated distinct root r i , 2. The root of T k 1 has degree (2m−1)−2(k−1) and has at least (2m−1)−4(k−1) adjacent leaves, 3. For 2 ≤ i ≤ k, the root of T k i has degree (2m − 1) − i − 2(k − i) and has at least (2m
Step. The case k = 1 is seen to be true for all properly edge-colored complete graphs, K 2m , by letting r 1 be any vertex in V (K 2m ) and defining T 1 1 = S r1 , the spanning star with root r 1 . It is also clear that S r1 satisfies f (1) since r 1 has degree 2m − 1 and has 2m − 1 adjacent leaves, as required in (2.2). Property (2.3) is vacuously true.
Induction
Step. Suppose that ϕ is a proper edge-coloring of K 2m and that for some k with 1 < k ≤ Ω, K 2m contains k − 1 edge-disjoint rainbow spanning trees, T 
It thus remains to construct k edge-disjoint rainbow spanning trees satisfying f (k).
We note here that f (k − 1) and the definition of L k−1 in (2.6) guarantee that a lower bound for |L k−1 | can be obtained by starting with a set containing all 2m vertices, then removing the k − 1 roots of T
\{r 1 }) which are not leaves adjacent to r 1 , and for 2 ≤ i < k, the (at most 2i + 4(k − 1 − i)) vertices in V (T k−1 i \{r i }) which are not leaves adjacent to r i . Formally,
Knowing |L k−1 | is useful because later we will show that if
, ..., T k−1 k−1 we can construct k rainbow edge-disjoint spanning trees which satisfy proposition f (k). As the reader might expect, it is from here that the bound on Ω is obtained: it actually follows that since k ≤ Ω, |L k−1 | ≥ 6k − 7.
First select any two distinct vertices r k , w k k ∈ L k−1 ; since it will cause no confusion, we will write w k for w k k . Set r k equal to the root of the k th tree, T k k . Later, r k w k will be an edge removed from T k k . For now, the two special vertices r k and w k play a role in the construction of T k i from T k−1 i for 1 ≤ i < k. For convenience we explicitly state and observe the following Since r k and w k are distinct vertices in L k−1 (defined in (2.6)), r k and w k are leaves adjacent to r i for 1 ≤ i < k.
(2.8)
For the sake of clarity, having selected r k and w k , we now discuss how to construct the trees T 
It is clear by (2.5) that for 1
is a rainbow spanning tree of
Lastly, since the trees T
(see (2.9)), it can easily be seen that the degree of r i is decreased by 2 and the number of leaves adjacent to r i is decreased by at most 4.
(
By our induction hypothesis, we have that
and that r 1 is adjacent to at least (2m
and that r i is adjacent to at least (2m
Lastly, we can observe that once v i is selected, vertices w i and v 
. It is worth explicitly stating that
Observe that T k k is a rainbow graph since each edge removed from S r k is replaced by a corresponding edge of the same color. Also, one can easily see that:
and r k has at least (2m − 1) − 2k adjacent leaves. Therefore, condition (2.3) of f (k) is satisfied. So it remains to show that T k k is acyclic and contains no edges in the trees
Finally, we have noted previously, but restate here because of its importance,
are completely determined by the constructions described in (2.9) and (2.11) respectively. (2.13)
Due to the fact highlighted above in (2.13), our strategy will be to select a suitable v i and construct
. In doing so, we restrict the choices for each v i in order to achieve the following three properties:
To that end, we let
and let v i be any vertex for which the following properties are satisfied (so by (2.13), this choice completes the formation of
where α is the vertex such that ϕ(w k α) = ϕ(r k
From the observation in (2.7), we know that L *
respectively, the sum of which is 6k − 7. Now, since the induction hypothesis includes the condition k ≤ Ω, we can observe the following.
First, from f (Ω) and the definition of L Ω−1 , we can follow the same steps as we did in (2.7) to see that
2 + 6Ω − 3. Now, since by the induction hypothesis k ≤ Ω and by (2.10) and (2.14)
we have the following:
(2.15)
In summary, we have that To that end, for the remainder of Case 1 suppose that 2 ≤ i < k, 1 ≤ a < i, and i < b < k and define the following sets of edges.
1.
Since the trees T . Consequently, when v i was selected to satisfy (R1 -R11) it was done in such a way that ensures the following six properties are satisfied: 
Property (P1) for
Recall from (R1) and (2.14) that because v i ∈ L * k−1 , v i is a leaf adjacent to the root r c in T 
Property (P2) for
But, by property (1) of f (ψ) when ψ = k − 1 we know r i = r a and so ϕ(r i r k ) = ϕ(r a r k ). It follows that ϕ(v i v 
, we prove that r k w i = r k w a and r k w i = v a v ′ a for 1 ≤ a < i. We consider each in turn.
To show that r k w i = r k w a , we need only show that w i = w a . By (2.9) we have that ϕ(r k w i ) = ϕ(r i v i ) and
, so since we are assuming that r k w i = v a v ′ a , then ϕ(r k w i ) = ϕ(r k r a ) and it follows that r a = w i = v a . But this is a contradiction because v a ∈ L * k−1 so by (2.14), v a = r a . Combining the above two arguments, it is clear that r k w i / ∈ E new (T k a ), as required. 2.1.6. Property (P3) for r k w i . Recall that by (2.8), because r k was chosen to be in L k−1 , r k is a leaf adjacent to the root of T
), we need only prove that
By (2.9), we have that ϕ(r
), as required.
Properties (P4), (P5), and (P6).
We consider each property, (P4), (P5), and (P6), in turn.
(i.) Property (P4) By our induction hypothesis, the trees,
Since a < i, from (P3) (replacing i with a), it follows that {v a v
Again, by our induction hypothesis, the trees,
The above Sections 2.1.1 − 2.1.7 ensure that properties (P1 -P6) hold. As stated above, since these six properties hold, the trees T k 1 , T k 2 , ..., T k k−1 are all edge-disjoint and further, from (2.9), are also rainbow and spanning.
Case 2. (C2) Edges in
, and from (2.13) that at the i th induction step, T k k (i) was determined by the choice of v i . It is convenient to restate (2.11) and (2.12) here:
For the remainder of Case 2, suppose that 1 ≤ i < k, 1 ≤ a < i, and i < b < k.
In order to prevent edges in T ( The following preliminary result will be useful in proving properties (P7 -P11).
Preliminary
Result: w i = w k . Recall from (2.8) that w k ∈ L k−1 was selected with r k before any of the rainbow spanning trees T
, ..., T k−1 k−1 were revised. It will be useful to show that the vertices
Base
Step: i = 1. ). To establish properties (P8) and (P9), we show that
Suppose to the contrary that w 1 w
). Recall from (2.11) that ϕ(w 1 w
. But this is impossible since from (2.9) we have that ϕ(v 1 r 1 ) = ϕ(r k w 1 ) and from (R8) that ϕ(v 1 r 1 ) = ϕ(r k α), where α is a vertex incident to the edge of color ϕ(r k w k ) in T k−1 c . Therefore,
) and T k k (1) satisfies properties (P8) and (P9). (iii.) (P10)
Recall that
, we need only show that w 1 w
Recall from (2.9) that ϕ(v 1 v ′ 1 ) = ϕ(r k r 1 ) and from (2.11) that ϕ(w 1 w
and so w k = r 1 . But this is not possible because by (2.8) w k ∈ L k−1 and so w k = r 1 . Therefore, w 1 w
and so w k = w 1 , contradicting the result in Section 2.2.1. Thus, w 1 w ′ 1 = r k w 1 . Therefore, property (P10) holds for T k k (1) and we have established our base step.
Property (P7) for
Therefore, since by induction we have that T To that end, suppose to the contrary that w i w 
Properties (P8) and (P9) for
). As in Section 2.2.3, to prove properties (P8) and (P9) for T k k (i), we can show that w i w
, where α is a vertex incident to the edge of color ϕ(r
), thus ensuring that (P8) and (P9) hold for T k k (i). The argument has been omitted here due to its similarity to the argument used above for (P7) in Section 2.2.3. 
